We show that the discrete-time evolution of an open quantum system generated by a single quantum channel T can be embedded in the discrete-time evolution of an enlarged closed quantum system, i.e. we construct a unitary dilation of the discrete quantum-dynamical semigroup (T n ) n∈N . In the case of a cyclic channel T , the auxiliary space may be chosen (partially) finite-dimensional. We further investigate discrete-time quantum-control systems generated by finitely many commuting quantum channels and prove a similar unitary dilation result as in the case of a single channel.
I. INTRODUCTION
Stimulated by the seminal work of Lindblad 1 and Gorini, Kossakowski, and Sudarshan 2 , in the mid 1970s many efforts have been made to obtain various dilation results for semigroups of completely positive operators.
In particular for finite-dimensional Hilbert spaces H, Davies 3 (Theorem 9.4.3) proved that for a continuous semigroup (T t ) t≥0 of completely positive, unital operators on H, there exists a Hilbert space K, a pure state ω on K and a strongly continuous one-parameter semigroup (U t ) t≥0 of unitaries on H ⊗ K such that
for all observables A and all t ≥ 0. In infinite dimensions, there is a whole zoo of similar results established. We try to sketch some of them in a brief overview on this vast area.
However, a dilation result of the above form (1) for infinite dimensions is to our knowledge not yet available. 9 , on the other hand, discussed at great length the discrete case (T n ) n∈N . More precisely, he proved that for a dynamical system (B(H), ϕ, T ) the following statements are equivalent:
(a) (B(H), ϕ, T ) has a dilation of first order.
(b) (B(H), ϕ, T ) has a Markov dilation.
Here, (B(H), ϕ, T ) constitutes a dynamical system in Kümmerer's sense if T is an ultraweakly continuous (cf. Section II B), completely positive and unital operator on B(H) which leaves the faithful normal state ϕ ∈ B(H) ′ invariant, i.e. ϕ • T = ϕ. The latter is thermodynamically motivated as ϕ can be interpreted as an equilibrium state which should be preserved by T and every power of it. This constraint on the channel obviously narrows down the possible choices of T . For achieving the above result he imbedded the given von NeumannAlgebra B(H) in an infinite product/sum of von Neumann-Algebras to obtain a Markovian dilation. Our approach which considerably simplifies his construction exploits the fact that every power T n of a quantum channel T has a first order (tensor) dilation due to Kraus, cf.
Section II. 
holds for all g ∈ G in the weak operator topology. So far this is probably the result closest to (1) in infinite dimensions, but it is not known whether the limit in (2) is necessary or not 4 (p.335).
Probably one of the strongest dilation results for completely positive semigroups so far was presented by Gaebler 11 . In Theorem 5.10 of the cited article, using Sauvageot's theory he showed that for a semigroup (T t ) t≥0 of ultraweakly continuous, completely positive and unital operators on a separable Hilbert space H, there exists a von Neumann-Algebra A with separable pre-dual, linear maps J : B(H) → A, E : A → B(H) and a semigroup (σ t ) t≥0
on A such that the following statements hold.
(a) J is a unital isometric homomorphism and E is a completely positive contraction which satisfy E • J = id B(H) .
(b) For all t ≥ 0, σ t is an ultraweakly continuous homomorphism and
In particular, (J, E, σ) satisfies the strong dilation property, e.g.
The strength of this result, however, comes at the cost of lacking any partial trace structure of the form (1).
The paper is organized as follows: After some preliminaries on trace-class operators and quantum channels, we present our main results in Section III: (i) for discrete quantumdynamical semigroups on separable Hilbert spaces, a unitary dilation of the form (1) 
such that the right-hand side of (3) is independent of the choice of the orthonormal basis (e i ) i∈I . More precisely, B 1 (H) can be defined either as the set of all compact operators A ∈ B(H) whose singular values σ n (A) are summable, i.e.
or, equivalently 12 (Theorem VI.21), as the set of all bounded operators A ∈ B(H) such that
is summable for some orthonormal basis (e i ) i∈I . Since √ A † A is positive semi-definite, all summands of (5) are non-negative and, therefore, the value of the left-hand side of (5) An operator ρ ∈ B 1 (H) which is positive semi-definite and fulfills tr(ρ) = 1 is called a state and the set of all states is denoted by
A state ρ is said to be pure if it has rank one. Certainly, the corresponding definitions apply to B 1 (G) and D(G). After these preliminaries, we can introduce our key terms.
(c) A Schrödinger quantum channel is a linear, trace-preserving and completely positive map
T is Schrödinger quantum channel} and Q S (H) := Q S (H, H).
Note that the Definition 1 (a) & (b) also apply to maps on B instead of B 1 .
Clearly, a Schrödinger quantum channel maps states to states. Further straightforward but crucial algebraic and topological properties of Q S (H) are summarized in the following theorem the proof of which can be found in Appendix IV A.
Theorem 1. The set Q S (H) is a convex subsemigroup of B(B 1 (H)) with unity element e = id B 1 (H) . Moreover, Q S (H) is closed with respect to the weak, strong and norm topology.
The following beautiful and well-known representaion result for Schrödinger quantum channels which can be traced back to Kraus will be the starting of our work.
Theorem 2. For every T ∈ Q S (H) there exists separable Hilbert space K, pure state ω ∈ D(K) and unitary operator U ∈ B(H ⊗ K) such that
for all A ∈ B 1 (H).
Here tr K :
is the partial trace with respect to a Hilbert space which is defined via
for all B ∈ B(H) and any A ∈ B 1 (H ⊗ K)
For a complete proof of Theorem 2, see 15 (second part of Theorem 2). Here, we only emphasize that the separable auxiliary space K can be chosen independently of T as for instance, K := ℓ 2 (N) constitutes such a universal auxiliary space. Moreover, once K is fixed ω ∈ D(K) can also be chosen as any orthogonal rank-1 projection operator. So ω is pure and independent of T .
B. Dual Channels
It is well known 14 (Proposition 16.26) that the dual space B 1 (H) ′ of the trace class is isometrically isomorphic to B(H) by means of the map ψ H :
where
for any A ∈ B 1 (H). Note that the weak- * -topology on B(H) inherited by ψ H under the identification with B 1 (H) ′ will be called the ultraweak topology on B(H), compare 3 (Eq.
1.6.4)
Now as implied by 3 (Lemma 2.2.1) every positive linear map T :
bounded so the dual map
is well-defined. This allows us to construct the so called dual channel of T
which then satisfies tr(BT (A)) = tr(T * (B)A)
for all B ∈ B(G) and A ∈ B 1 (H). Note that T * can actually be defined using (7) . Further as Note that, unsurprisingly, Q H (H) is a convex subsemigroup of B(B(H)) with unity element id B(H) . The map * : Q S (H, G) → Q H (G, H) which to any quantum channel assigns its dual channel actually is well-defined and bijective as we will see now.
Proof. Simple consequence of 3 (Lemma 2.2.2) together with the characterizations of properties of T * listed above.
Note that the ultraweak continuity is only needed due to our infinite-dimensional setting.
In finite dimensions, the * -map is an involution as the trace-class and the bounded operators then coincide, which immediatly yields this result.
The partial trace with respect to a state ω ∈ D(K), tr ω : so by (6) and (8) 
holds for all B ∈ B(H).
Proof. Note that (7) implies (
1 for any quantum channels T 1 , T 2 between appropriate Hilbert spaces so this result is a simple consequence of the Theorems 2 & 3.
The concept of dual channels will be useful to transfer dilation results from the Schrödinger onto the Heisenberg picture so we are not dependent on the used quantum-mechanical framework.
III. MAIN RESULTS

A. Unitary Dilation of Discrete Quantum-Dynamical Systems
We consider a discrete quantum-dynamical system the evolution of which is described by
for arbitrary but fix T ∈ Q S (H). The solution of (9) is given by
By Theorem 1, T n ∈ Q S (H) so Theorem 2 gives separable Hilbert space K n , pure state
. Now our goal is to simplify the right-hand side of (10) in the following sense: we want to embed the evolution of ρ into the evolution of a closed discrete quantumdynamical system, i.e. we want to replace the right-hand side of (10) by
where V is an appropriate unitary operator and the separable Hilbert spaceK as well as the pure stateω are no longer n-dependent.
Theorem 4. For every T ∈ Q S (H) there exists separable Hilbert space K, linear maps
such that the following statements hold.
(c) For all n ∈ N 0 and ρ ∈ B 1 (H) one has
In particular one can choose J(·) = (·) ⊗ ω for some pure ω ∈ D(K) and E = tr K so
Proof of Theorem 4. First we consider the n-dependance of K n and ω n . By construction (see proof of Theorem 2) K n does not depend on T n anymore so thus we can chooseK with a countably infinite basis, for exampleK = ℓ 2 (N), and replace every K n withK. Moreover, the pure state ω n by construction is determined via K n hence
for all n ∈ N 0 , a joint Hilbert spaceK and a pure stateω. It remains the n-dependence of the unitary operators U n . Define K :=K ⊗ℓ 2 (Z) and U n = id H⊗K for all n ≤ 0. Furthermore let (e n ) n∈Z denote the standard basis of ℓ 2 (Z) so σ : ℓ 2 (Z) → ℓ 2 (Z) given by σ = i∈Z e i e † i−1
is the right shift and U, W : B(H ⊗ K) → B(H ⊗ K) are defined to be
Then U can be represented as follows.
Here the arrows indicate the zero position in this representation. A simple calculation shows that U and W and therefore V := UW is unitary. Finally with ω :=ω ⊗ e 0 e † 0 ∈ D(K) which is pure asω is pure by construction, define E and J via
Those maps are obviously well-defined, linear and satisfy E • J = id B 1 (H) . By induction one
n for all n ∈ N 0 . Note that idK ⊗ℓ 2 = idK ⊗ id ℓ 2 implies trK ⊗ℓ 2 = trK • tr ℓ 2 by (6) so in total
Due to the stated form of J, it is obvious that J = 1. Further
which concludes this proof.
Remark 3. We can interpret this result as follows: instead of extending, unitarily evolving and tracing out the system for every discrete time step, T n (ρ 0 ) can be determined as follows.
(a) Extension to a larger (closed) system H ⊗ K (b) Unitary evolution of the larger system n-times (c) Return to the original system H by tracing out the K-part Now we can easily extend this result to Heisenberg quantum channels. (c) For all n ∈ N 0 and B ∈ B(H) one has
Corollary 2. For every S ∈ Q H (H) there exists separable Hilbert space K, linear maps J : B(H) → B(H ⊗ K) and E : B(H ⊗ K) → B(H) as well as unitary V ∈ B(H ⊗ K)
In particular one can choose J(·) = (·) ⊗ id K and E = tr ω for some pure ω ∈ D(K) so
Proof. By Theorem 3 there exists unique T ∈ Q S (H) with S = T * and thus S n = (T * ) n = (T n ) * so Theorem 4 gives separable Hilbert space K, linear mapsẼ,J and unitary V such that (11) holds. SinceẼ,J ∈ Q S this implies
for any n ∈ N. Defining E :=J * , J :=Ẽ * shows (13) as well as the stated explicit forms of E and J. Further
The fact that J, E have the same operator norm as their dual channels concludes the proof.
As J(id H ) = id H⊗K we even constructed a unital dilation. We now want to improve this result assuming T is cyclic so T m = T for some m ∈ N\{1}.
Definition 4. We define a modified modulo function
as well as
Unitary dilations of discrete quantum-dynamical semigroups
To connect ν(m, n) to the cyclicity condition of T where m ∈ N/{1}, n ∈ N we represent n − 1 as
with unique j ∈ N 0 , r ∈ {0, . . . , m − 2}. Then Definition 4 yields ν(m, n) = r + 1 as well as
for all n ∈ N.
Proof. In accordance with (14) we get
Thus µ(m, n) indicates how often the cyclicity condition of T got applied after n discrete time steps and ν(m, n) represents the remaining non-cyclic portion of the exponent n.
Theorem 5. Let T ∈ Q S (H) be cylcic so T m = T for some m ∈ N\{1}. Then in Theorem 4 we can choose K =K ⊗ C m such that
for all n ∈ N, ρ ∈ B 1 (H). 
where e m+1 := e 1 and U 0 := id H⊗K =: U m . Then W represents a cyclic shift acting on C m and U is of the following form.
. . .
Obviously U and W are unitary as is V := UW . Defining E := tr K , J(ρ) := ρ ⊗ ω for any ρ ∈ B 1 (H) with pure ω :=ω ⊗ e m e † m ∈ D(K) it is readily verified that
using induction together with a case distinction between n mod(m − 1) = 0 and n mod(m − 1) = 0. Together with Lemma 1 one gets 
B. Unitary Dilation of Discrete Quantum-Control Systems
We now are interested in a discrete quantum-mechanical control system
with T n ∈ C for any C ⊆ Q S (H). Further we define T n as the control function meaning we can freely choose T n ∈ C for all n ∈ N 0 . For this section C := {T, S} where T and S are commuting but otherwise arbitrary quantum channels over H.
We define ρ(·, (T n ) n∈N 0 , ρ 0 ) as the unique solution of (15) given the control (T n ) n∈N 0 and initial value ρ 0 . Definition 6. The reachable set of (15) in exactly N ∈ N 0 discrete time steps is given by
and the total reachable set is defined to be
The following Lemma is a direct consequence of T and S commuting, as assumed above.
Lemma 2. For the reachable set of (15) we obtain
for any N ∈ N 0 .
Thus to structure the solution of (15) it is reasonable to consider channels of the form
Theorem 6. For every T, S ∈ Q S (H) there exists separable Hilbert space K, linear maps
(c) For all N ∈ N 0 , k ∈ {0, . . . , N} and ρ ∈ B 1 (H) one has
Proof. For given N ∈ N and k ∈ {0, . . . , N} one has T k S N −k ∈ Q S (H) by Theorem 1 so Theorem 2 gives separable Hilbert space K N,k , pure state ω N,k ∈ D(K N,k ) and unitary
Analogous to the proof of Theorem 4 one argues that K N,k and ω N,k by construction do not depend on T or S for any N ∈ N, k ∈ {0, . . . , N} so there exists some mutual auxiliary spaceK as well as a mutual pure stateω ∈ D(K) such that
for all ρ ∈ B 1 (H). Hence to every T k S N −k we can assign some unitary operator U N,k ∈ B(H ⊗K) such that (16) 
where U m,n := id H⊗K if m < 1 or n / ∈ {0, . . . , m}. Obviously W 1 , W 2 are unitary. Also the unitarity of the U N,k transfers onto U 1 , U 2 as is readily verified so U := U 1 W 1 and V := U 2 W 2 are unitary themselves. As before one shows
for all ρ ∈ B 1 (H) via induction over j ∈ N 0 and based on this
for all N ∈ N 0 , k ∈ {0, . . . , N} and ρ ∈ B 1 (H) via induction over N ∈ N 0 for arbitrary k ∈ {1, . . . , N}. Note that the case k = 0 reproduces (17) and thus can be omitted. Finally
by (18) for all N ∈ N, k ∈ {0, . . . , N} and ρ ∈ B 1 (H) which concludes this proof.
Remark 7. The statement of Theorem 6 can be extended to finitely many pairwise commuting quantum channels T 1 , . . . , T m ∈ Q S (H). Looking at the proof above it is natural to choose
where the rest of the proof is analogous.
We can now transfer the above result over to the solution of the control system (15). 
. . , N} indicates how often T was applied by (T n ) n∈N 0 after the first N timesteps.
Proof. By Definition 6, ρ(N, (T n ) n∈N 0 , ρ 0 ) ∈ R N (ρ 0 ) hence by Lemma 2 there exists k ∈ {0, . . . , N} such that
Theorem 6 now concludes this proof.
As in Corollary 2 one can translate this result into the Heisenberg picture. 
and thus R(ρ 0 ) ⊆ E(R(J(ρ 0 ))). HereR N (ρ 0 ) for any N ∈ N 0 describes the reachable set in exactly N time steps of the discrete quantum-mechanical control system
where U n ∈ {U, V }, n ∈ N 0 .
Proof. By Lemma 2 and Theorem 6 
for all A ∈ B 1 (H), B ∈ B(H).
Before proving the main result of this section we need the following lemmata. for all x ∈ G so S(A) is positive semi-definite and thus S is positive.
Lemma 4. Let (T n ) n be a sequence in B(B 1 (H)) which weakly converges to T ∈ B(B 1 (H)).
Then the following statements hold.
(a) If T n is trace-preserving for all n then T is trace-preserving. The following statements are equivalent.
(i) A ∈ B 1 (H ⊗ C m )
(ii) A ij ∈ B 1 (H) for all i, j ∈ {1, . . . , m} Lemma 5. Let (T n ) n be a sequence in B(B 1 (H)) which weakly converges to T ∈ B(B 1 (H)).
Then for any m ∈ N, (T n ⊗ id m ) n as a sequence in B(B 1 (H ⊗ C m )) weakly converges to T ⊗ id m ∈ B(B 1 (H ⊗ C m )).
